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This study can be divided into three portions. Firstly, an analytical method for 
crack detection based on the difference in the measured static deflection of a damaged 
beam and the corresponding theoretical deflection of healthy beam of various boundary 
conditions is primarily presented in this study. Equations for the damaged and healthy 
beams are formulated by analytically. 
How to repair of cracked Euler-Bernoulli and Timoshenko beams with one crack 
can be made through the application of voltage to piezoelectric patch actuator placed on 
the surface of the beam over the crack surface is secondly presented. Repair is considered 
to be effected when the discontinuity in the slope at the crack section completely 
eliminated.  
Finally, a numerical investigation of crack in a beam is presented. Repair was 
carried out by applying a pair of oppositely directed moments to eliminate the 
discontinuity of slope induced at a crack section. The crack is modeled in the finite 
element model as an equivalent rotational spring. The spring is allowed to rotate about 
the Z directional moment of the beam with transverse load along the Y axis. The finite 








A   area of beam 
a    depth of crack 
H
a    crack depth ratio 
B    width of beam 
nccc ,...., 21   integrating constants 
E    modulus of  elasticity, Young’s modulus 
31e    electric constant for piezoelectric voltage  
F    transverse vertical point load 
sG    modulus of rigidity 
H    depth of beam 
I    moment of inertia of beam 
J    strain energy release rate 
K    rotational spring constant 
IK    stress intensity factor for first mode of fracture 
IIK    stress intensity factor for second mode of fracture 
IIIK    stress intensity factor for third mode of fracture 
k    shear correction factor 






1L    crack location for beam with one crack 
first crack location for beam with two cracks 
2L    applied load position for beam with one crack 
second crack location for beam with two cracks 
3L    applied load position for beam with two cracks 
EM    moment at a section of Euler-Bernoulli beam  
TM    moment at a section of Timoshenko beam  
1aM    applied moment at the left side of crack 




M 1    ratio of required moment  
cM    moment at crack section of  healthy beam 
'
cM    moment at crack section of  damaged beam 
LM    reaction moment at left end support of healthy beam 
RM    reaction moment at right end support of healthy beam 
'
LM    reaction moment at left end support of damaged beam 
'
RM    reaction moment at right end support of damaged beam 
1p    distance from left end of piezoelectric patch to crack for first crack 






3p  distance from left end of piezoelectric patch to crack for second 
crack 
4p  distance from right end of piezoelectric patch to crack for second 
crack 
LR    reaction force at left end support of healthy beam  
RR    reaction force at right end support of healthy beam 
'
LR    reaction force at left end support of damaged beam 
'
RR    reaction force at right end support of damaged beam 
β    distance between two concentrated moments, 1aM  and 2aM  
2
β    distance from 1aM  to crack section  (or) 
   distance from crack section to 2aM  
aV    Electric voltage applied at piezoelectric patch 
x    position of the beam section of consider 
y    deflection of damaged beam 
'y    rotation of damaged beam 
"y    curvature of damaged beam 
Κ    curvature of beam 
Θ    local flexibility 
δ    thickness of piezoelectric patch 
ω    deflection of healthy beam 





Eω    deflection of Euler-Bernoulli beam 
Tω    deflection of Timoshenko beam 
Eφ    rotation of Euler-Bernoulli beam 
Tφ    rotation of Timoshenko beam 
iΔ    difference in deflection between healthy and damaged beams 
iδ    % difference in deflection between healthy and damaged beams 
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Recently, considerable attention has been focused on the development of 
advanced structures with integrated distributed control and self-monitoring capabilities 
(Gandhi and Thompson, 1992). These structures are frequently classified as “smart” or 
“intelligent” structures. Smart structures are primarily employed to control the static and 
dynamic responses of distributed parameter systems operating under variable service 
conditions. 
Piezoelectric materials are one class of intelligent materials being investigated for 
use as sensor or actuator elements in smart structures. Piezoelectricity signifies the 
characteristic of certain materials to develop a deformation when a voltage is applied 
(converse effect) (Cady, 1946). If a piezoelectric material is stressed mechanically, it will 
generate an electric charge (direct effect). This direct or converse effect of the 
piezoelectric material can be utilized for displacement or velocity actuation and sensing 
of flexible structures. The actuators and sensors made of piezoelectric materials, either 
surface mounted or embedded, provide a promising smart material control system 
because of their inexpensive, lightweight, and space-efficient characteristics. 
Smart structures are receiving increasing attention and their numerous 
applications include vibration suppression in aircraft and large space structures, self-
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diagnostic applications for detection of cracks or defects within a structure or building, 
repair of damaged structures due to the presence of cracks, enhancing the buckling load 
on axially loaded member and controlling the shape of structures. The concept and 
motivation for utilizing smart materials is to enable a structure to change its shape or its 
material and structural properties and thereby improving performance and service life. 
There are many advantages in using smart structures instead of using structures with 
conventional actuators. The use of smart materials avoids the need for complex 
mechanical linkages and actuator systems, as the smart material itself is integrated 
(embedded/ bonded) with the structure, resulting in a reduction in material and weight.  
 
 
1.2 Literature review 
 
Many different methods have been developed in the area of crack identification 
and repair. Generally these methods can be categorized into frequency domain and time 
domain methods. These groups may be subdivided into different areas depending on the 
parameters used or method performed in the damage detection process. 
  
 
1.2.1 Crack detection in structures 
 
Any crack or localized damage in a structure reduces the stiffness and increases 
the damping in the structures. Reduction in stiffness is associated with decreases in the 
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natural frequencies, modification of the modes of vibration of the structure and increase 
the deflection of the structure. Many researchers have studied one or more of the above 
characteristics to detect and locate a crack. Most of the emphasis has been on using the 
changes in the natural frequencies and the damping values to determine the location and 
the size of the damage. The change is characterized by changes in the eigenparameters, 
i.e., natural frequency, damping values and the mode shapes associated with each natural 
frequency.  Time response method was used to predict damage detection which was 
developed by Banks (1996). This method used an interactive least square error 
minimization to fit various damage model response scenarios to a cantilever beam that 
was damaged by drilling a hole in it. This model with the best least squares fit was used 
to predict the damage on the beam. Rizos et al. (1990) developed a method based on the 
measurement of amplitudes at two points on the structure vibrating at one of its natural 
frequencies and an analytical solution of the dynamics response. The method developed 
by Rizos et al. is only developed for one-dimensional structures. Cawley and Adams 
(1979) gave a formulation to detect damage in composite materials from frequency shifts. 
They started with the ratio between frequency shifts for modes i and j. The formulation 
did not account for possible multiple-damage locations. Narkis (1994) used the frequency 
data from the finite element simulation for damage detection. The data on the variation of 
the first two natural frequencies is sufficient for identification of crack location. His 
resulting equations were used to solve the inverse problem. Araujo dos Santos et al (2003) 
studied the influence of model incompleteness and errors in a structural damage 
identification technique based on the sensitivity of mode shapes of undamaged and 
damaged structure. Their study was performed on a laminated rectangular plate, 
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discretised using a finite element and several cases of damage and incompleteness were 
simulated and analysed. Lim (1991) used the unity check method to study the problem of 
damage detection. He defines a least-squares problem for the elemental stiffness changes 
and that are consistent with the unity check error in potentially damaged members. Wang 
(1999) presented a method using wavelet transform to analyze spatially distributed 
signals such as displacement and strain measurements of a structure in regions of interest 
and detect damage by local perturbations at damage sites. Location of small damages in 
beams using operational deflection shapes (ODS) was measured by scanning laser 
vibrometer (Frank, 2001).  The relationship between curvature mode shapes and the size 
of damage is presented by Pandey et al. (1991). Curvature mode shapes were calculated 
from the displacement mode shapes by using a central difference approximation. The 
author discussed that the changes in the curvature mode shapes increase with increasing 
size of damage. Their information can be used to obtain the amount of damage in the 
structure. Pandey and Biswas (1994) also presented a damage-detection and location 
method based on changes in the measured flexibility of the structures. This method is 
applied to several numerical examples and to an actual spliced beam where the damage is 
linear in nature. Results of the numerical and experiment examples showed that estimates 
of damage condition and the location of the damage could be obtained from just the first 
two measured modes of the structure.  
1.2.2 Repair of cracked beam using piezoelectric material 
 
Smart materials such as piezoceramics have been used as actuators and sensors to 
achieve active control of elastic deformations of structures. Intelligent structures, with 
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highly distributed actuators and sensors, can be designed with intrinsic vibration and 
shape control capabilities. Piezoceramics can be integrated with a structure either by 
being embedded within or bonded onto the structure. Particularly for the case of surface 
bonding, it is important to have an effective strain transfer from the smart material to the 
metallic substrate through the adhesive layer. The piezoelectric effect can be linear and 
permits very low time constants. Piezoelectric materials are also less noisy and in general 
more efficient. Since the discovery of piezoelectric effects by Curie brothers in 1880, 
research on piezoelectricity has received much attention. The microscopic theory of 
piezoelectricity, based on thermodynamic principles, can be traced back to Lord Kelvin. 
However, it was Voigt (1894) who made significant contributions to the theory, as we 
know it today (Cady, 1946). The linear constitutive equations for the piezoelectric 
material were derived by Tiersten (1969) from the energy formulation. The research 
development of smart structures in the past two decades has been particularly intensive. 
Piezoelectric materials have been employed for years in a variety of transducers, but their 
use, as distributed sensors/ actuators was rather limited until the mid-1980s. Bailey and 
Hubbard (1985) and Fanson and Chen (1986) demonstrated the possibility of using 
piezoelectric materials for beam vibration control. Crawley and de Luis (1987) developed 
piezoelectric elements for placement either on the surface or embedded within the 
structural laminated beams. Theoretical formulations, the Navier solutions and finite 
element models based on the classical and shear deformation plate theories were 
presented by Reddy (1998) for the analysis of laminated composite plates with integrated 
sensors and actuators and subjected to both mechanical and electrical loadings. A simple 
negative velocity feedback control algorithm coupling the direct and converse 
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piezoelectric effects was used in this study to actively control the dynamic response of an 
integrated structure through a closed loop control. Saravanons and Heyliger (1995) 
developed theories for piezoelectric sensors and actuators by considering the coupling 
effects using layer-wise finite element analysis. Aldraihem et al. (1997) studied the effect 
of shear deformation by comparing models based on the Euler-Bernoulli beam theory and 
the Timoshenko beam theory.  
Modeling issues of smart structures have also been investigated by many 
researchers including Burke and Habbard (1987, 1988), Tzou and Wan (1990), Tzou et al. 
(1990), Cudney et al. (1989, 1990), Zhou et al. (1991) and Hanagud et al. (1985). Lee 
(1990), Lee and Moon (1989, 1990), Lee et al. (1989) and Wang and Rogers (1991a, 
1991b) developed solution techniques for rectangular composite plates by modifying 
classical laminated plate theory to allow for piles with induced strains.  
The effect of cracks upon buckling of an edge-notched column for isotropic 
composites has been studied by Nikpour (1990). He indicated that the instability 
increases with the column slenderness and the crack length. In addition he has shown that 




1.3 Objective and scope 
 
The objective of this study is to develop a simple and accurate method for 
detecting the presence of crack in damaged beam using the static deflection measurement 
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of the beam and to repair the damaged structure which is subjected to a transverse load 
with various boundary conditions.  
The difference in deflection between cracked and healthy beam is used to 
determine the damage magnitude and its location. The algorithm is simple and the 
accurate deflection under static load can be measured practically.  
In a structure with surface vertical crack, the actuation of the piezoelectricity to 
the damage structures removed the discontinuity of the slope due to the presence of crack. 
This will make the damaged structures function well as healthy ones.  
The discontinuity of slope due to the presence of crack will also be removed by 
applying the two equal magnitudes and opposite directional concentrated moments at the 
either side of the crack. 
 
 
1.4 Organization of thesis 
 
In chapter 1, some backgrounds on piezoelectric material as well as the types of 
smart structures and their functions are briefly presented. A literature review of structural 
damage identification techniques as well as the various methods of repair of cracked 
beam using smart materials is also presented. 
In chapter 2, the method of crack detection in beam under static loading is 
presented. The difference in deflection between healthy beam and damaged beam used to 
detect the crack parameters is discussed. In this chapter, the proposed method for the 
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identification of one crack with various boundary conditions and two cracks 
identification for simply supported beams is discussed in detail. 
Next, the repair of crack using piezoelectric material is discussed in chapter 3. 
The analytical formulation for the repair of cracked beam with one crack is presented and 
the chapter also discusses the repair of Timoshenko cracked beams where shear effects 
are significant in thick beams. 
In chapter 4 the repaired technique using Finite Element model is presented. The 
model is used to simulate the repair of cracked beams with various boundary conditions. 
When two equal magnitudes and opposite directional concentrated moments are applied 
on either side of crack, the discontinuity of slope at crack section is eliminated. 
Finally, chapter 5 presents the major conclusions of the research carried out and 
the recommendations for future study. 
 











  In this chapter, the evaluation of the differences in the deflections of healthy and 
cracked beam is proposed as a method for identifying the location of the damage as well 
as the severity of damage. Based on analytical beam models, the effect of the presence of 
damage in a beam on its deflection is studied. By using these analytical models, the 
effectiveness of using the differences in the deflections for locating the damage is 
investigated. The two cases were considered, namely damage occurring at one location 
and damage occurring at two locations. Once the position of the crack is located, the size 
of the crack is then calculated. This method is easy to use and does not require rigorous 
amount of instrumentation for obtaining the experimental data required in the detection 
scheme. Numerical examples are presented to show the effectiveness of the proposed 
working including the case of a beam with one crack of various boundary conditions and 










2.2 Stress intensity factor and local flexibility 
 
It is well know that considerable local flexibility will be induced at the location of 
the crack due to the strain energy concentration in the vicinity of the crack tip. In this 
context, St. Venant’s principle is assumed where the stress field is influenced only in the 
region near to the crack. Irwin (1957) first related such a strain concentration with stress 
intensity factor and developed the idea that the crack can be modeled as a massless 
rotational spring. For a rectangular cross-sectional beam which has a vertical open crack 
extending across the surface, the expression for the strain energy release rate is (Tada, et 
al, 1973)  
)(1 222 IIIIII KKKEJ ++=        (2.1) 
where IIIIII KK K and, are the stress intensity factors for modes I , II and III  , 
respectively and E , the modulus of elasticity of the beam. 
For a beam subjected to transverse load, cracks are induced by bending moment 
which produces axial tensile and compressive forces over the cross section of the beam. 
Therefore, Mode I  (tensile opening mode) is only considered in defining the total strain 




=          (2.2) 
The stress intensity factor of the crack can be expressed as (Tada, 2000) 
)( 
H
aFaK I πσ=         (2.3) 







aF  is the correction function of the crack depth ratio and σ  the bending stress 




M=σ          (2.4) 
in which M  is the bending moment at crack section and B  and H  the width and height 














πγ =  
The local flexibility introduced by a crack can be modeled by a massless 
rotational spring. By substituting equations (2.3), (2.4) and (2.5) into equation (2.2) and 
applying Castigliano’s theorem, the compliance (inverse of massless rotational spring) 













C π      (2.6)  
The local flexibility due to the presence of crack is a function of crack depth to 
beam depth ratio ( Ha / ) and can be written ask (Dimarogonas, 1976; Krawczuk and 
Ostachowicz, 1995) 
=Θ EIC          (2.7) 





where I  is the moment of inertia of the beam. For a rectangular beam, 
12
3BHI =  . 
Substituting equation (2.6) into equation (2.7), the local flexibility of the beam 
can be expressed as 
∫=Θ a adaFaH
0
2 ])([6π        (2.8) 
where a  is the crack depth ratio given by  a  = a/H . 
As an illustration, the local flexibility for a cracked beam with crack depth ratio, a/H=0.3 
is studied in Figure 2.4, indicating that local flexibility has significant variation upon the 
relative crack depth (a/H) 
 
 
 2.3 Modeling of cracked Euler-Bernoulli beam 
 
 Consider a prismatic beam of length L , subjected to a concentrated load F  
applied at a distance 2L  from left support as shown in Figure 2.1. The beam has a 
Young’s Modulus E  and has the rectangular cross-sectional shape of width B  and 
depth, H . The beam has a transverly opened crack of depth a  located at a distance 1L  
from the left support. 
The elastic curve of a beam may be expressed mathematically as )(xfy = . To 
obtain this equation, it is necessary to first express the curvature Κ  in terms of xy  and . 
Under small deflection theory, the curvature is approximated by 








yd −==Κ     2
2
        (2.9) 
The equation of the elastic curve can be readily obtained by integrating twice 
equation (2.9) as follows: 
∫ +−= 1  cdxEIMdxdy         (2.10) 
21  cxcdxEI
My ++−= ∫∫        (2.11) 
where 1c and 2c  are integrating constants that can be determined from the boundary 
conditions of the beam.  
If a single analytical function cannot be used to express the bending moment M  
in the beam, then continuity conditions must additionally be used to evaluate some of the 
integrating constants. 
 
2.4 Crack detection by deflection difference 
 
 When a beam is damaged due to the presence of crack, it is obvious that greater 
load-induced deflections would be produced as compared to a healthy beam. Thus, by 
determining the deflection difference, it is possible to assess the amount of damage. One 
can calculate easily the deflection of a healthy beam by various methods such as the 
direct integration method or readily available formulae for beams under standard loads 
and of various boundary conditions. By measuring the deflections of a damaged beam 
and hence compute the difference in deflections between a beam under assessment and a 





corresponding healthy beam, one can then easily infer that the difference in deflection 
between healthy and damaged beam, Δ , is the largest at the cracked position. From this 
information, the position of the crack can then be located. Furthermore, the depth of the 




2.4.1 Beams with one crack 
 
 In the case of beams with the existence of only one crack, analytical method may 
be used for crack detection. The subsequent sections will present how the identification 
of crack location by deflection measurement combined with analytical method may be 
carried out. As an inverse problem, this concept is useful for the experimental 
examination of crack detection problem. 
 
 
2.4.1.1 Simply supported beam 
 
As shown in Figure 2.1, consider a simply supported beam (SS) is subjected to a 
concentrated load F applied at a point located distance 2L  from the left support. The 
beam is assumed to have a single crack of depth a  located at a point located distance 1L  





from the left end support. From static equilibrium, the reactions at the left and right end 
supports are easily found to be F
L
LL )( 2−  and F
L
L2 , respectively. 
The analytical function for the bending moment and can be written without the 
use of singularity functions, it is necessary to derive the expressions for the bending 
moment in the potions of the beam as follows: 
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M −−−=       (2.14) 
As discussed in section (2.3), the curvature, the slope and the deflection of each 
portion can be derived and written as 
 
for 10 Lx ≤≤  
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xLLFy ++−=        (2.20) 
for LxL ≤≤2  
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xFLy ++−=       (2.23) 
where yandyy   , '"  are the curvature, slope and deflection of the beam, respectively. 
  The unknowns constants 54321 ,,,, ccccc  and 6c  can be determined from 
the boundary conditions and the continuity conditions for slope and deflection at the 
junction points of the three portions of the beam. For a simply supported beam, the 
deflections at both ends are zero. At the point distance 2L from left support, there is a 
continuity of slope and deflection as shown in Figure 2.5. In practice, the measured 
deflection of the healthy and cracked beams will be plotted on Figure 2.5. Although the 
deflection is continuous at the position of the crack, from Figure 2.6, it is to be noted that 
there is an abrupt change (i.e., discontinuity) in the slope due to the reduction in the 





stiffness of beam. The continuity of deflection and discontinuity of the slope at the crack 
position can be written as 
at 1Lx =  






2  yyy Θ=−          (2.25) 
From the above six conditions, the value of six integration constants can be 
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Θ−+Θ=       (2.31) 
Substituting these constants into equations (2.16), (2.17), (2.19), (2.20), (2.22) 
and (2.23), the slope and deflection of the simply supported cracked beam subjected to a 
concentrated load can be written as 

















xLLFy Θ−Θ+−−−−=   (2.32) 





















xLLFy Θ−Θ+−−−−=   (2.33) 






































xLLFy Θ−−−−Θ+−+−=  
          (2.35) 




















































  (2.37) 
For the case where the beam is healthy that is there are no cracks at all, the slope 
and deflection equations need to be derived only for two portions of the beam only. Thus, 
for a healthy beam, the slope, iφ , and deflection, iω , are given by (for i = 1, 2).  
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for  LxL ≤≤2  
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The difference in deflections between the healthy and cracked beams and the 
percentage difference for the three portions can be written as 
 
















Θ−=δ        (2.43) 
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where (i = 1,2,3) iΔ  is the difference in deflections between the healthy and cracked 
beam and (i = 1,2,3) iδ  is the percentage difference in the deflection between the healthy 
and cracked beam.  
From the above equations, the crack location, 1L  can be identified clearly because 
the difference in deflection and the percentage difference in deflection is maximum at the 
crack location as can be seen from Figure 2.7 and 2.8 which show the variation of Δ  and 
δ along the length of the beam. The percentage difference in deflection, δ , at the crack 
location is a key value for the finding the crack location and the crack depth. By 
substituting 1Lx =  in equations, (2.43) or (2.45), the percentage difference in deflections 











Θ−=δ        (2.48) 
where maxδ  is the % difference in deflection of a simply supported beam at the position 
of a single crack and Θ the local flexibility (function of crack depth to beam depth ratio 
( Ha / )). 
 As shown in Figure 2.8, since the percentage difference in deflection is maximum 
at the crack section, the value of maxδ  and the location of crack 1L  will be known. And 
then from these results, the local flexibility of the beam, function of crack depth ratio, 
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 Finally, the depth of the crack may be calculated using the equation (2.5) and 
(2.8). 
 
2.4.1.2 Cantilever beam 
 
For a cantilever beam, with a concentrated load applied at the free end, the 
rotation and deflection of the beam can be derived as follows: 
for 10 Lx ≤≤  
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Θ+Θ−−Θ+Θ−=    (2.53) 
where L  is the beam length and 1L  the position of the single crack as shown in Figure 
2.2.  
For a healthy cantilever beam, the rotation and deflection of healthy beam can be 
readily expressed as a single simple analytical function as  
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−=ω         (2.55) 
As shown in Figure 2.19 and 2.20, in the case of a cantilever beam, the deflection 
and the rotation of a cracked beam is identical to those of a healthy beam in the region 
10 Lx ≤≤ . However, in the region beyond the crack, i.e. 1Lx ≥ , the deflection is noted to 
increase constantly and rotation . So, the difference in deflection of the healthy and 
cracked beams is zero for 10 Lx ≤≤  and is nonzero for LxL ≤≤1  (equations 2.51, 2.52 
and 2.55), that is 
for 10 Lx ≤≤  
01 =Δ           (2.56) 
01 =δ           (2.57) 
 for LxL ≤≤1  
EI








Θ−−=δ        (2.59) 
As shown in Figure 2.21, the value of 1L  is defined. The value of the crack depth 
can calculated as described in the next paragraph. 
Let αδ  be the percentage difference in deflection at α=x , where α  is the 
somewhere along the beam but 1L>α . The value of αδ  is obtained by substituting 
α=x  in equation (2.59). Therefore, the local flexibility of the cracked cantilever beam 
can be written as 












L        (2.60) 
From the above equation, the crack depth can be determined from the local flexibility 
graph which have presented in section 2.2. 
 
2.4.1.3 Simple-clamped beam 
 
 The rotation and deflection of a simple-clamped beam (SC) with one crack are 
given by  
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 If the beam is healthy, the beam may be divided into two portions. The deflection 
of a healthy beam can be obtained as 
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The difference in deflection and the percentage difference in deflection of a 
simple-clamped beam can be readily derived as 
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By substituting 1Lx =  into equation (2.72), the maximum percentage difference 
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By using equations (2.78) and (2.8), the size of crack may be estimated. 
 
2.4.1.4 Clamped-clamped beam 
 
By subtraction the corresponding equations of the deflection of a healthy and 
cracked beams, the difference in deflection value and percentage difference in deflection 
of a clamped-clamped beam (CC) may be written as 
 
for  10 Lx ≤≤  
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xLxLLLLLLLLLδ   (2.84) 
Once again the percentage difference in deflection is maximum at the position of 
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           (2.86) 
By using equations (2.86) and (2.8), the depth of crack may be determined. 





2.4.2 Beams with two cracks 
 
The analytical formulation for a simply supported beam with two cracks will now 
be presented. The cracks and the load positions are indicated in Figure 2.3. The crack 
detection procedure described previously can also be applied to the two cracks case. If 
the crack size is the same at both positions, the above crack detection technique can be 
adopted automatically. However, if one crack is very small compared to the other or if 
one crack is near to the fixed end of the beam, the presence of that crack is not obvious to 
be detected from the difference in deflection curve. In this case, it is proposed that repair 
should first be carried out for the crack that can be clearly detected. The crack detection 
procedure is then repeated to detect the other smaller or near support crack which can 
now be clearly detected from the difference in deflection curve. The repair of a cracked 
beam using piezoelectric material will be discussed in the next chapter. 
The derivation is similar to the SS beam with one crack presented previously in 
section (2.4.1.1). As shown in Figure 2.3, for a beam with two cracks subjected to a 
concentrated load applied at a point distance 3L  from left support, it is necessary to divide 
the beam into four portions. By directly integrating the governing beam deflection 
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Θ−−Θ+Θ−=    (2.94) 
The equations of slope and deflection of the simply supported beam with two 
cracks may be written as 
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  (2.100) 




















xxLFLy Θ−−Θ+Θ−+−−=  











































From the above derivation, the deflection and rotation of healthy and damaged 
beam is obtained as indicated in Figure 2.23 and 2.24. 
The difference in deflection between the cracked and healthy beams for each 
portion and the percentage difference in deflection of a SS beam with two cracks can be 
written as 
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Θ+−+Θ+−−=δ     (2.106) 
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Θ+Θ−=δ       (2.110) 
Similar to the case of one crack problem, the crack positions 1L  and 2L  can be 
obviously detected in the difference in deflection plot shown in Figure 2.25 or the 
percentage difference in deflection plot in Figure 2.26. After having found 1L  and 2L , the 
percentage difference in deflection at the first crack position, 11max δδ =  (at 1Lx = ) and 
the second crack position, 22max δδ =  (at 2Lx = ) can be found as  






























Θ+Θ−=δ      (2.112) 
By substituting these values of 1maxδ  and 2maxδ , into the equations for the local 
























−+−+−+−−=Θ δδ  
           (2.114) 
The sizes of the crack depths for both cracks can then be estimated from the 
computed load flexibilities.  
 
 
2.5 Results and discussion 
 
The previous sections have presented the proposed technique based on using the 
deflection difference between healthy and damaged beams due to the presence of single 
or double cracks to detect the locations and sizes of crack depths of beams with various 
boundary conditions. The proposed technique entails the measurement of deflections of a 
suspected damaged beam to compute the difference in deflections between the suspected 
damaged beam and healthy beam. 





2.5.1 Beams with one crack 
 
As shown in Figure 2.5, the damaged beam due to the presence of crack is shown 
to deflect more compared with the healthy beam. As to be expected due to the loss of 
stiffness when damage occurs. The results presented in Figure 2.5 is for the case where 
the cross section of the beam are mHmB 05.0 and 03.0 ==  and the Young’s Modulus, 
E  = 29 /10210 mN× . The crack depth ratio Ha /  for the case considered is 0.3. The 
deflections of a healthy simple beam are calculated using equations (2.39) and (2.41). As 
EI  is small at the crack section, the rigidity at that section is reduced. Though there is 
discontinuity of the slope as can be seen from Figure 2.6, at the crack point, it is to be 
noted that the slope of the beam cannot be measured easily. Therefore, the position and 
size of the damage are determined from the difference in deflection between healthy and 
the damaged beam.  
 
2.5.1.1 Simply supported beam  
 
For a simply supported beam with transverse load, the difference in deflection 
between healthy and cracked beams is noted to be maximum at the position of the single 
crack, as shown in Figure 2.7. From Figure 2.8, which show the variation of the 
percentage difference in deflection, δ , along the length of a SS beam clearly shows that 
it is non-zero throughout the beam except at the left and right supports. According to 
Figure 2.9, the bending moment at crack tip is smaller when the load is far away for crack 
position. From Figure 2.10, the difference in deflection of the simple beam is larger when 





the crack location is nearer to the load position. As shown in Figure 2.11, the difference 
in deflection values is larger for damage located near the mid-span of the beam than for 
damage located near the supports and zero at the support. Corresponding with Figure 
2.12 and 2.13, the difference in deflection and the percentage difference in deflection 
values are large related to increasing bending moment. It can be seen from Figure 2.14 
that for the case when the concentrated load is applied at 0.7m, the percentage difference 
in deflection of the beam increases at point nearer to the load. This is due to the fact that 
bending moment increases in magnitude for crack points located nearer to the load as can 
be observed from Figure 2.15. Moreover, it is noted that the difference in deflection is 
proportional to the crack depth ratio. 
 
2.5.1.2 Cantilever beam 
 
For crack detection in cantilever beams, the procedure is similar as for the SS 
beams. The deflection of the healthy and damaged beam are shown in Figure 2.19. Due to 
the presence of crack at the 1L  =0.4m, there is a brut change in the rotation of beam 
according to Figure 2.20. Once the difference in deflection between the cracked beam 
and healthy beam is determined, the location of the damage can be found to be at the 
point in which the value of the difference in deflection begins to increase. Moreover, as 
shown in Figure 2.21, the difference in deflection is virtually zero between the clamped 
end and the point where damage occurs. Also, it might be possible to identify the severity 
of damage from the difference in deflection line by using equation (2.60). For a certain 
crack location, as shown in Figure 2.22 it can be noted that difference in deflection 





increases linearly from the position of the crack towards the free end of the cantilever. 
The possible reason is that the bending moment is maximum at the fixed end and 
decreases to zero at free end and the bending moment of the beam is proportional to the 
deflection of beam. Further, from Figure 2.23 the linear increase in the deflection 
difference is noted to increase as the position of the crack is located closer towards the 
fixed end. For each crack position, the deflection difference is found to be maximum at 
the free end. From Figure 2.24, it can also be seen that the percentage difference in 
deflection is more significant for damages located nearer the fixed end of the cantilever 
beam. This is not surprising in view that damage is more likely to develop near the fixed 
end where maximum bending moment occurs. 
 
2.5.1.3 Simple-clamped beam  
  
Figure 2.16 shows the variation of percentage difference in deflection depends on 
the variation of the crack positions. The percentage difference in deflection at crack 
position is found to increase as the crack position moves closer to the load. This is 
attributed to the fact that the bending moment increases nearer to the load. From Figure 
2.16, it can be seen that the percentage difference in deflection at the crack position for 
the SS beam is generally larger than that of the SC beam. This observation is noted to be 
more significant when the position of the crack is closer to clamped edge of the SC beam.  
 From Figure 2.18, the percentage difference in deflection at the position of the 
crack is noted to increase parabolically when the ratio of crack to depth increases. In this 
case, that value is also smaller than that of the SS beam. 





2.5.1.4 Clamped-clamped beam 
  
In the case of the CC beam, the percentage difference in deflection is noted to be 
positive when the position of the crack, 1L , is less than 0.3 m, as can be seen from Figure 
2.16. This observation may be explained by the occurrence of negative bending moment 
near to the fixed end of a CC beam as clearly seen in Figure 2.17. From Figures 2.16 and 
2.17, we note that the percentage difference in deflection is positive when the crack is 
located in the negative moment zone and the value negative when the crack is located in 
the positive moment zone. As can be seen in Figure 2.18, the magnitude of percentage 
difference in deflection for the CC beam is found to be the smallest when compared to 
the SS and SC beams with same crack depth ratio )(
H
a . This result indicates that the 
beam deflects smaller when a crack occurs in beam with clamped conditions. 
 
2.5.2 Simply supported beam with two cracks 
 
In Figure 2.23, the deflection of healthy and damaged beam of simply supported 
beam with two cracks is presented. As shown in Figure 2.24, it can be seen that a 
discontinuity of rotation occurs at two points on the beam due to the presence of two 
cracks. However, as pointed out earlier, it is not easy to measure the slope of a deformed 
beam unlike deflection which is easier to measure. Two local maxima points can be 
observed in the plot of the difference in deflection in Figure 2.25 which corresponds to 
the presence of two cracks. If the sizes of both cracks are the same, it is found that both 





local maxima points are significant and distinctly recognized. However, if the sizes are 
largely different from each other, the peak point corresponding to the larger crack is 
much more significant. Thus, it is not recommended to use the discontinuity of rotation as 
a means of detecting the location of cracks. For such a situation, it would be better to 
repair the obvious larger crack first, and subsequently measure again the deflection of the 
partially repaired beam. The position of the second crack can then be detected from the 
set of second deflection measurements. The local flexibility of both cracks can be 
calculated from equations (2.113) and (2.114). 
It can be seen from Figure 2.26, that although the two crack sizes are the same, 
the peaks in the percentage difference in deflection are not equal. This is to be expected 
since one of the cracks is in the region smaller bending moment and the other crack in the 
region of larger bending moment. There should therefore be a smaller peak value in the 
percentage deflection difference corresponding to the curve located in the region of 





 A method for crack detection based on the difference in the measured deflection 
of a damage beam and the corresponding theoretical deflection of healthy beam of 
various boundary conditions is presented in this chapter. The crack is modeled 
analytically by an equivalent rotational spring. Equations were formulated and used to 





solve the inverse problem for experimental identification of cracks. In order to calculate 
the deflection of a cracked beam, a model is required which relates the equivalent spring 
flexibility to the beam and crack properties. The inverse problem, which is identification 
of crack location from deflection measurements, does not have a straightforward solution 
because of the combined effects of crack’s location and size. In practice, the accuracy of 
crack location prediction depends largely on the accuracy of the deflection measurement. 
It is seen that the proposed detection method provides a simple and convenient effective 
scheme.  
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Figure 2.5 Deflection of healthy and cracked SS beam (crack position at 1L =0.4m 























Figure 2.6 Rotation of healthy and cracked SS beam (crack position at 1L =0.4m and 
concentrated point load 100N at 2L =0.7m) 



























Figure 2.7 Difference in deflection between healthy and cracked SS beam (crack 
position at 1L =0.4m, concentrated point load 100N at 2L =0.7m, and crack 































Figure 2.8 Percentage difference in deflection between healthy and cracked SS beam 
(crack position at 1L =0.4m, concentrated point load 100N at 2L =0.7m, 
and crack depth ratio (a/H) = 0.3) 
 
 
























Figure 2.9 Moment at the crack tip of SS beam with various load position (crack 

































Figure 2.10 Difference in deflection between healthy and cracked SS beam with 
various crack position, 1L  (concentrated point load 100N at 2L =0.7m, and 
crack depth ratio (a/H) = 0.3) 
 



































Figure 2.11 Percentage difference in deflection between healthy and cracked SS beam 
with various crack positions (concentrated point load 100N at 2L =0.7m, 
































Figure 2. 12 Difference in deflection between healthy and cracked SS beam with 
various load positions (crack position at 1L =0.1m and crack depth ratio 
(a/H) = 0.3) 
 
 





































Figure 2.13 Percentage difference in deflection between healthy and cracked SS beam 
with various load positions (crack position at 1L =0.1m and crack depth 




































Figure 2.14 Percentage difference in deflection at crack tip of SS beam with various 
crack positions and crack depth ratio (concentrated point load 100N 
at 2L =0.7m) 
 


























Figure 2.15 Moment at the position of crack with various load positions for SS beam 

































Figure 2.16 Percentage difference in deflection at the position of crack with various 
crack positions for various boundary conditions of beams (a/H=0.3 and 
concentrated point load 100N at 2L =0.7m) 























Figure 2.17 Moment of CC beam at the position of crack with various crack locations, 
1L  (crack depth ratio (a/H) =0.3 and concentrated point load 100N 
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Figure 2.18 Percentage difference in deflection at crack tip with various crack depth 
ratio for various boundary conditions of beams (crack position at 
mL 4.01 =  and concentrated point load 100N at 2L =0.7m) 
 


























Figure 2.19 Deflection of healthy and cracked cantilever beam (crack position 






















Figure 2.20 Rotation of healthy and cracked cantilever beam (crack position 
at 1L =0.4m and concentrated point load 100N at free end) 
 
 

































Figure 2.21 Difference in deflection of healthy and cracked cantilever beam with 
various crack positions, 1L  (concentrated point load 100N at free end, and 


































Figure 2.22 Percentage difference in deflection between healthy and cracked cantilever 
beam with various crack positions, 1L  (concentrated point load 100N at 





























Figure2.23 Deflection of healthy and cracked SS beam with two cracks (crack 
position at 1L =0.3m and =2L 0.5m and concentrated point load 100N 























Figure2.24 Rotation of healthy and cracked SS beam with two cracks (crack position 
at 1L =0.3m and =2L 0.5m and concentrated point load 100N at 3L =0.7m) 
 
 

























Figure 2.25 Difference in deflection of healthy and cracked SS beam with two cracks 
(crack position at 1L =0.3m and =2L 0.5m, concentrated point load 100N 






























Figure 2.26 Percentage difference in deflection of healthy and cracked SS beam with 
two cracks (crack position at 1L =0.3m and =2L 0.5m, concentrated point 
load 100N at 3L =0.7m, crack depth ratio (a/H) = 0.3) 
 









In the development of smart structural systems, piezoelectric materials have been 
widely used as sensors and actuators for the purpose of self-monitoring and self-
controlling the structural responses, respectively. Piezoelectric materials are capable of 
operating as both sensors and actuators. Piezoelectricity occurs naturally in some crystals 
such as quartz, and it can also be induced in ceramics during the manufacturing process. 
Piezoelectric materials are less noisy and in general more efficient.  
 
 
3.2 Repair of cracked beam using piezoelectric patch 
 
Crawley and de Luis (1987) presented an elasticity-based approach for modeling 
the strain transfer from the piezoactuator to the substrate beam through an adhesive layer. 
They assumed a uniform strain within the actuator and a pure one-dimensional shear 
strain state within the adhesive layer. With the assumption of linear variation of strain 
within the substrate beam, the problem has effectively been reduced to a one-dimensional 
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case. Subsequently, Crawley and Anderson (1990) presented an analytical method based 
on Euler-Bernoulli theory of strain transfer in perfectly bonded cases. They assumed 
linear variation of strain through the thickness of the substrate beam and piezoactuator. 
Consider a beam of depth H  with a piezoelectric layer of thickness δ  attached at the top 
face of the beam across the entire length of the beam. The charge generated by the 








δ        (3.1) 
where 31e  is the piezoelectric constant. The sensor output voltage sV   is given by (Lin 










)( δ       (3.2) 
where vC  is the electrical capacitance. 
When the piezoelectric layer is used as a collocated sensor and actuator, the 










      (3.3) 
where g  is the control gain factor and 
vC
gs = . The axial tensile stress along the 
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Since the piezoelectric patch is attached at the upper face of the beam, induced 













⎛ += ∫ xLx
L
xa yyGdxyH
seHM δδδσ   (3.5) 
where L  is the length of the piezoelectric actuator patch and ( )2231
4
δ+= HseG .  
If the piezoelectric layer is a small patch, then aM  is a local negative moment, 
proportional to the change in slope (i.e., curvature) induced by the actuator. 
 
 
3.3 Repair of cracked Euler-Bernoulli beam  
 
When crack occurs in a beam, the local flexibility of the beam is reduced and a 
discontinuity of slope at the crack section is to be expected. A method for crack detection, 
including estimating is location and size, based on measuring the difference in deflection 
to a healthy beam, has been a proposed and discussed in the previous chapter. By using 
the proposed method of crack detection, the beam should be repaired once cracks are 
detected. The next few sections shall discuss the repair of cracked beams with 
piezoelectric patch actuators which can be effectively used to repair the beam by 
actuating the damaged beam to produce deformation close to that of a healthy beam. 
In the Euler-Bernoulli beam theory, the basic assumption made is that straight 
lines normal to the mid-plane before deformation remain straight and normal to the mid-
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plane after deformation. This assumption is equivalent to one where both transverse shear 
and transverse normal strains are considered negligible.  
For a beam subjected to loads that are directed downward, tensile stress will be 
produced at the bottom fibers of the beam where crack can possibly occur. Thus, by 
attaching a piezoelectric patch on the top surface of the beam directly above the crack 
section and by applying an appropriate electrical voltage to actuate and induce a bending 
moment so that the beam is repaired by removing the discontinuity of slope at the crack 
section. 
 
3.3.1 Simply supported beam  
 




yd −==Κ     2
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        (3.6) 
By integrating equation (3.6) as follows 
∫ +−= 1  cdxEIMdxdy         (3.7) 
21  cxcdxEI
My ++−= ∫∫        (3.8) 
We may then obtain the slope and deflection equations. Figure 3.1 shows simply 
supported beam with one existing crack and how a piezoelectric patch actuator of length 
( 21 pp + ) is actuated to repair the beam. The beam may be divided into 5 regions. Where 
the bending moments are,  
for 110 pLx −≤≤  
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for 211 pLxL +≤≤  
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−=         (3.12) 
for LxL ≤≤2  
)()( 225 LxFFxL
LLM −−−=       (3.13) 
where G  is  
By considering the boundary conditions, continuity conditions and discontinuity 
of the slope at the crack section (Wang and Quek, 2002), we can determine the ten 
integration constants resulting from carrying out double integration of the governing 2nd 
order bending moment equations. 






3  yyy Θ=−   At 1Lx =      (3.14) 
The objective of repair is to actuate the piezoelectric patch such that the 
discontinuity of the slope at the crack section is removed. Thus at 1Lx =  , the intention is 
to obtain '2
'
3 yy =  leading to  









EILG −=          (3.15)  
By substituting equation (3.15) into the expression for rotation and deflection of 
cracked beam, the rotation and deflection of a repaired SS beam can be written as 
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By substituting equations (3.15), (3.18) and (3.20) into equation (3.3), the 
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3.3.2 Cantilever beam  
 
Consider the case of a concentrated load F  applied at the free end of a cantilever 
beam of length L  with a crack located at a distance 1L  from the left support as shown in 
Figure 3.2. The derivation of the required actuator voltage follows the same approach 
used for a simply supported beam discussed in section 3.3.1. The required actuator 








LLFVa         (3.27) 
 
3.3.3 Clamped-clamped beam 
 
 Similar derivation of the actuator voltage of a clamped-clamped (CC) beam is 
more complicated due to the fact that the CC beam is an indeterminate structure. The 













           





Chapter 3 Repair of cracked beam using piezoelectric actuator 
 
59
3.4 Example 1 
 
 As an example to demonstrate how repair of a damaged beam can be carried out 
using a piezoelectric patch actuator, consider a beam of length mL 1= and cross-sectional 
area 25030 mm× . A concentrated load is assumed to be applied at mL 7.02 =  for both the 
SS and CC beams and at the free end for a cantilever beam. A crack is assumed to be 
located at mL 4.01 =  for all the 3 beams. Repair is carried out using PZT-4 layer of 
piezoelectric patch attached at the top surface of the beam over the crack section as 
shown in Figures 3.1 and 3.2. The properties of piezoelectric patch are assumed to be 
29.931 −=e , H15.0=δ  and mmpp 2021 == . 
 From Figures 3.3 and 3.4, the deflected shape of the repaired beam is shallower 
than that of healthy beam. Moreover, the deflection of repaired beam is found to be 
dependent on the length of the piezoelectric patch. If the larger patch length is used, the 
beam deflection is smaller. The rotation of healthy, damaged and repaired beam is 
presented in Figures 3.5 and 3.6. 
 The amount of voltage required for repair directly is proportional to the local 
moment at the crack section (Quek and Wang 2002). From equations (2.26) and (2.27), 
the required voltage amount is independent of the piezoelectric length for the SS and 
cantilever beams, where these are statically determinate beams. For these beams, the 
required voltage is dependent only on the magnitude and location of the applied force, the 
location of crack as well as the length and thickness of beam. 
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 For a CC beam, the amount of voltage required for repair is dependent on the 
location of the crack, the magnitude of applied load, the thickness of piezoelectric patch 
actuator and the overall depth of beam as can be seen from equation (3.28). The 
variations of voltages against these parameters are shown in Figures 3.7 to 3.10. 
 As can be observed from Figure 3.7, the voltage required is largest when the load 
and crack positions are nearer to the mid-span of beam. When mL 23.01 =  and 
mL 43.02 = , it is found that the CC beam does not required any voltage. This can be 
attributed that the left hand side of mL 23.01 =  is in negative bending moment zone and 
that is the point of inflection of negative and positive moment. 
 From Figure 3.8, the voltage required is nearly constant for the CC beam with 
various magnitude of load and direction proportional in the cantilever beam.  
 From observing the Figures 3.9 and 3.10, it is found that the required voltage 
decreases when the beam depth and piezoelectric patch thickness increases. This trend 
can be explained as due to the fact that for thicker patch and deeper beams, the local 
moment at the crack section is smaller and resulting in the voltage required to be 
decreased.         
 
 
3.5 Repair of Timoshenko beam 
 
In Timoshenko beam theory, the normality assumption of the Euler-Bernoulli 
beam theory is relaxed and a constant state of transverse shear strain (and thus constant 
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shear stress computed from the constitutive equation) with respect to the thickness 
coordinate is included. The Timoshenko beam theory requires the use of shear correction 
factors, k  to compensate for the error due to this constant shear stress assumption. The 
shear correction factors depend not only on the material and geometric parameters but 
also on the loading and boundary conditions. 
 
3.5.1 Relationship between Euler-Bernoulli beam and Timoshenko beam 
 
For a simply supported beam, it has been shown that the Timoshenko and Euler-










T )()( ωφ −=         (3.30) 
where Tω  and Tφ  are deflection and slope of Timoshenko beam, respectively and Eω  
and Eφ  are deflection and slope of Euler-Bernoulli beam, respectively. 
 For a cantilever beam, the corresponding relationships are 
[ ])0()()()( 2 EEET MxM
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T )()( ωφ −=         (3.32) 
and clamped clamped beam, the corresponding equations are  
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=Ω  and  
)121( Ω+
Ω=μ ,  
 sG  the shear modulus and sk  the shear correction factor that has been introduced to 
compensate for the error caused by assuming a constant transverse shear stress 
distribution through the beam depth.   
 Using these derivation, the deflection and rotation of healthy, damaged and 
repaired beam of Euler-Bernoulli beam and Timoshenko beams are presented in Figures 
3.11 and 3.12. 
 
3.5.2 Example 2 
 
 Using the rotation equation of simply supported healthy beam from previous 
chapter and equation (3.30), it can be seen that the rotations are the same for both the 
Euler Bernoulli and Timoshenko beams. Thus, it may be inferred that the amount of 
discontinuity of slope must be the same for both types of beams. As the objective of 
repair of a cracked beam is to remove discontinuity of the slope at the crack section, it 
may easily concluded that the amount of voltage required for repair of Euler-Bernoulli 
and Timoshenko statically determinate beams, such as the simply supported and 
cantilever beams, would be identical. In the case of statically indeterminate beams such 
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as the clamped-clamped beams, it can be seen from the rotation equation of clamped-
clamped healthy beam from previous chapter and equation (3.34) that the rotation 
equations are not the same for the Timoshenko and Euler-Bernoulli beams. The 
magnitude of the difference in deflection and rotation depends on the magnitude of shear 
effect, the shear correction factor, 87.0=k  and the modulus of rigidity, 
29 /10125.13 mNGs ×=  used for the analysis of the Timoshenko beam. 
 Figure 3.13 presents the magnitude of voltage required plotted against the location 
of the crack in the beam for clamped-clamped Euler Bernoulli beam and Timoshenko 
beams. As can be seen from the plot, the required voltage is maximum when the crack 
occurs near the mid-span which is similar to the repair of a Euler-Bernoulli beam. 
However, it is found that the required voltage is about larger than that required for the 





This chapter presented how repair of cracked Euler-Bernoulli and Timoshenko 
beams with one crack can be made through the application of voltage to piezoelectric 
patch actuator placed on the surface of the beam over the crack surface. Repair is 
considered to be effected when discontinuity in the slope at the crack section completely 
eliminated. For both the statically determinate simply supported and cantilever beams, 
the required voltage amount is dependent on the magnitude of applied force, position of 
applied load, location of crack as well as the width and thickness of beam. For the 
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statically indeterminate clamped-clamped beam, the required voltage is found to be also 
dependent on the piezoelectric patch length. 
The present chapter also investigated the effects of shear deformation on the 
repair of cracked beams through using the proposed relationships between Euler-
Bernoulli beam and Timoshenko beam by Wang et al. (2000). From these relationships, it 
was found that the rotation is the same for statically determinate Timoshenko and Euler-
Bernoulli beams such as the simply supported and cantilever beams. The amount of 
voltage required for repair is thus the same for both Timoshenko and Euler-Bernoulli 
beams. However, the same conclusion can not be made for statically indeterminate beams 
such as the clamped-clamped beam as the rotation is different. The amount of voltage 
required for repair is significantly larger for the Timoshenko beam as compared to the 
corresponding Euler Bernoulli beam. 

































































Figure 3.3 Deflection of healthy, cracked and the repaired SS beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 


























Figure 3.4 Deflection of healthy, cracked and the repaired cantilever beam (crack 
position at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack 
depth ratio (a/H) = 0.3, 21 pp + = piezoelectric patch length) 


























Figure 3.5 Rotation of healthy, cracked and the repaired SS beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 


























Figure 3.6 Rotation of healthy, cracked and the repaired cantilever beam (crack 
position at 1L =0.4m, concentrated point load 100N at LL =2 =1.0m, crack 
depth ratio (a/H) = 0.3, 21 pp + = piezoelectric patch length) 






















Figure 3.7 Voltage required on variation of crack and load position ( mLL 2.012 =− , 





















Figure 3.8 Voltage required on magnitude of applied force (crack position 
at 1L =0.4mcrack depth ratio (a/H) = 0.3, concentrated point load 
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Figure 3.9 Voltage required on thickness of piezoelectric patch (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 

























Figure 3.10 Voltage required on beam depth (crack position at 1L =0.4m, concentrated 
point load 100N at 2L =0.7m, crack depth ratio (a/H) = 0.3,  21 pp +  
( piezoelectric patch length)=40mm) 
 
 





























Figure 3.11 Clamped-clamped beam: Deflection of Timoshenko compared with Euler-
Bernoulli beam (crack position at 1L =0.4m, concentrated point load 100N 





























Figure 3.12 Clamped-clamped beam: Rotation of Timoshenko beam compared with 
Euler-Bernoulli beam (crack position at 1L =0.4m, concentrated point load 
100N at 2L =0.7m, crack depth ratio (a/H) = 0.3,  21 pp +  ( piezoelectric 
patch length)=40mm) 
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Figure 3.13 Voltage required on variation of crack and load position for CC beam 








 CHAPTER 4  





In the previous chapter, a detailed discussion of how to repair of cracked beams 
can be made using piezoelectric patch actuators. By applying appropriate voltage on the 
patch actuator, moments are induced such that they have an opposite effect to that caused 
by the externally applied load on the crack. Repair is considered to be effective when the 
discontinuity of the slope caused by the crack is eliminated as a result of the moment 
induced by the patch actuator.   
When a crack occurs in a beam, it is obvious that the local flexibility is decreased 
at the crack section which in turn results in an increase in the bending moment at the 
crack section. Therefore, to repair the crack, a small piezoelectric patch is attached at the 
crack section in order to generate an appropriate additional counter moment by applying 
a suitable voltage to the piezoelectric patch (Wang and Quek, 2002). The moment 
generated by the piezoelectric patch is effective in producing a local moment because of 
its small size. To be most effective, the patch should be placed right at the crack section. 
However there may be practical situations where it is difficult to place the piezoelectric 
patch at the crack section. When situation warrants that the piezoelectric patch may be 




placed far away from the crack, the induced piezoelectric moment may not be effected in 
repairing the crack. This chapter shall present a finite element study of the effectiveness 
of carrying out repair. The FE study models using two concentrated moments of same 
magnitude and opposite directions applied on either sides of the crack. 
 
 
4.2 Numerical modeling 
 
As shown in Figure 4.1, two equal and opposite moments are applied at two 
points of the same distance from the crack section. These external moments are applied at 
a distance β  apart from each other. Thus, each moment is applied at a point located 
2
β  
from each side of the crack. By applying these moments, the discontinuity of the slope at 
the crack section can be estimated thus repairing the loss of stiffness due to the presence 
of the crack. In statically determinate beams, the required magnitude of moment is the 
same as the bending moment at the crack section, moreover the magnitude of the moment 
does not depend on the point of application of moment that is independent of the value 
of β . However, in statically indeterminate beams, the required magnitude changes with 
the point of application of the moment. Detail illustrations will be presented in sections 








4.2.1 Statically determinate beams with one crack 
 
 In statically determinate beams, the reaction at the support can be calculated 
purely from the equations of static equilibrium. Moreover, the reactions are not 
dependent on the magnitude of the local flexibility,Θ , and crack location. In other words, 
the reactions of a statically determinate beam with or without crack are the same. 
Therefore moment at the crack section is determined by the multiplication of beam 
reaction and the crack position 1L . For a statically determinate beam, a required moment 
to repair the damaged beam is equal to the magnitude of the concentrated moment at the 
crack section. 
 
4.2.1.1 Simply supported beam 
 
To eliminate the discontinuity of slope at the crack section, external concentrated 
moments, 1aM  and 2aM , are applied at two points of distance β  apart, as shown in 
Figure 4.1. These moments are of equal magnitude but of opposite directions. From 
equations of static, the support reactions of a simply supported beam, with or without 
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where RL RR ,  are the support reactions at the left and right supports, respectively. The 
bending moment at the section of the crack for both healthy and damaged beams are the 
same and are given by 
1
2'  )( LF
L
LLFMM cc
−==        (4.3) 
where cM  and 
'
cM  are the bending moments of the healthy and damaged beams, 
respectively. 
From Figure 4.1, a pair of concentrated moments is applied on either side of the 
crack in such a manner as to induce negative bending moment in between in order to 
eliminate the discontinuity of the slope at the crack section. The magnitude of the 






−−Θ=Θ       (4.4) 
where Θ  the local flexibility of the beam. 
Obviously for the healthy beam, where 0.0=Θ , the discontinuity of the slope 
0.0" =Θy , i.e. there is no discontinuity.  
It is to be noted that this formulation can be used only for statically determinate 
beams because the reaction forces are not dependent on the size and position of crack. 
As the objective of repair of a damaged beam is to eliminate the discontinuity of 
slope resulting from the occurrence of a crack, the magnitude of moment needed to be 
applied can be readily derived by setting "yΘ  in equation (4.4) to zero. The required 
moment can be written as  










−=        (4.5) 
 It can be seen from equations (4.3) and (4.5) that 1aM  is equal to the bending 
moment at the crack section. As cM  is obviously independent of 1L  and β , it may be 
concluded that the magnitude of the moment for repair is independent of the location 
where it is applied. 
 
4.2.1.2 Cantilever beam 
 
 When a concentrated load is applied at the free end of a cantilever beam, the 
support reactions at the fixed end and the bending moment at the section of the crack are 
given by 
 FRR RL == '          (4.6) 
FLMM RL −== '        (4.7) 
 )( 1
' LLFMM cc −==        (4.8) 
 To repair a damaged cantilever beam, a set of oppositely directed concentrated 
moments are applied similar to SS beam in Figure 4.1, in order to induce positive 






−−Θ=Θ        (4.9) 
 Repair is again achieved, by setting equation (4.9) to zero to eliminate slope 
discontinuities. By doing so, the magnitude of moment required can be derived as 
 )( 11 LLFM a −=         (4.10) 




 Similar to the result for simply supported beam, it can be seen from equations (4.8) 
and (4.10), that the required applied moment is also equal to the bending moment at the 
crack section. 
 
4.2.2 Statically indeterminate beam with one crack 
 
 In statically indeterminate beams, the reactions at the supports are dependent on 
the local flexibility at the crack section as well as the location of the crack. Therefore, it 
is expected that the support reactions of the healthy and cracked beams would be 
different. Likewise, the required applied moments are also expected to be dependent on 
the value of β . As β  tends to zero, the required magnitude of moment tends to the value 
of cM  which is the moment at the crack section of a healthy beam. However, for larger 
values of β , the required magnitude of moment, 1aM  will be larger than cM . These 
results will be demonstrated in numerical examples to be presented in the later part of the 
chapter. 
 
4.2.2.1 Simple-clamped beam 
 
For the repair of simple-clamped beam with one crack, a set of oppositely directed 
concentrated moments are applied similar to SS beam in Figure 4.1. The support 
reactions of a healthy simple-clamped beam and the bending moment at sections, cM  can 
be written as 
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LLLLFLM c        (4.20) 
where LR  is the reaction force at left end support, RR  the reaction force at the right end 
support, LM  the reaction moment at the left end support, RM  the reaction moment at 
right end support. 
 
 




4.2.2.2 Clamped-clamped beam 
 
The support reactions of a healthy clamped-clamped beam and the bending 

































+−−=      (4.25)  
































































  (4.29) 














LLLLLLLFM c      (4.30) 
 
 
4.3 Finite element model 
 
The Finite Element software (COSMOS/M) is used in this part of the study to 
investigate the numerically the repair of crack through the application of a couple of 
external moment. In the FE model, massless rotational spring is used to model the crack. 
The undamaged parts of the beam are modeled by beam finite elements with two nodes 
element and three degrees of freedom at each node; the axial and transverse 
displacements and the independent rotation. The damaged part of the beam is replaced by 
the cracked beam finite element with degrees of freedom identical to those of the non-
cracked one. 
The rotational direction of the spring is taken to be about the Z axis as shown in 
Figure 4.1. The rotational spring constant, K , is taken to be inversely proportional to the 
local flexibility at the crack section. Therefore, if the crack is very large, the beam is 
weak at the crack section as the rotational spring stiffness there would be very small, 
whereas if the crack is very small, the beam would have lost little stiffness as the 
rotational spring stiffness would then be very large. The rotational spring constant, K , is 
given by 
Θ=
EIK           (4.31) 




where Θ  is the local flexibility at the crack section which can be calculated from fracture 
mechanics. 
 In the FE study, a m1  length of beam of rectangular cross section 
mmHB 05.003.0 ×=×  is used. The modulus of elasticity, E  is assumed to be that of 
steel i.e. GPa210  and the magnitude of the external applies load is NF 100= .  
 
4.4 Numerical examples and discussion 
 From Figure 4.2, the deflection of healthy, damaged and repaired SS beam is 
presented. The repair is carried out by the applying of two oppositely directed 
concentrated moments on either sides of the crack. The deflection behaviors of the beam 
are smaller when the beam was repaired by applying two concentrated moments. It may 
smaller and smaller when the value of β  is larger. Figure 4.4 to 4.9 show that the 
deflection and rotation of healthy, damaged and repaired of cantilever, simple-clamped 
and clamped-clamped beams, respectively. 
 
4.4.1 Effect of applied moment position on deflected shape 
 
In the first numerical example, the beam is assumed to have a crack located at 
mL 4.01 = . The crack depth ratio 3.0=H
a . The concentrated load is assumed to be 
applied at mL 7.02 = . The equivalent rotational spring stiffness is calculated based on 
equation (4.31) and is found to be Nmm9104.1 × . To repair the discontinuity of the slope 
at the crack section, an external couple of moment is applied in such a manner that 




produces an opposite effect to that of the externally applied concentrated load on the 
cracked beam. For all different boundary conditions, considered in Figure 4.2, 4.3, 4.4 
and 4.5, if the applied moment is far away from the crack, i.e., nearer to the support or if 
β  is large, the deflection of the beam is found to be smaller. This may be due to the 
applied moment position is nearer to the support and which caused the more restraint at 
end supports and also a pair of moment direction may counter act the deflection of beam. 
The applied moments, 1aM = 2aM−  and which are located at a distance of 2
β  from the 
either side of the crack. If the magnitude ofβ  varies, the position of 1aM  and 2aM  will 
be varied form point to point. 
 In statically determinate beams, the reaction at the support can be calculated by 
static equations and also the reaction values are not function of local flexibility, Θ  i.e., 
the reactions of beam with or without crack is the same. So the required magnitude of 
moment to repair the crack is not change throughout the beam length. From equation (4.5) 
and (4.10), the required magnitude of moments, 1aM  and 2aM , are equal in magnitude to 






simply supported beam and cantilever beam. This result shows that the applied moment 
magnitude is not dependent on applied moment position so for those beams, the required 
magnitude of moment is the same as the moment at the crack section throughout the 
beam. 
For statically indeterminate beams such as SC beam and CC beam, as shown in 
Figure 4.4, 4.5 and 4.10, the required magnitude of applied moment increases and the 









M 1 , is found to increase parabolically with β . From Figure 4.10, this ratio is 
largest for the CC beams for each value of β . This result indicates that a larger moment 
ratio is required when the crack is located on the clamped side.  
As shown in Figure 4.10, the required magnitude of moment is larger when the 
point of application of moment is far away from the crack for statically indeterminate 
beams but constant for statically determinate beams. 
As can be seen in Figure 4.10, if β  is very small, i.e. the two applied moments 




M 1  is equal to one for all boundary 
conditions. In this case, the deflection and rotation of the healthy and repaired beams are 
nearly identical. It shows that the repaired beam is able to achieve well the shape of the 
healthy beam when β  is smaller. 
 
4.4.2 Effect of applied load position on moment required 
 
 As shown in Figure 4.11, for a SS beam, the required magnitude of moment is 
constant, i.e, not dependent on the position of load and β . It can be seen from Figure 




M 1 , is not dependent on the location of 
the applied concentrated load for a beam with a given value of β  for all boundary 
conditions. As shown in Figure 4.12 and 4.13, the required magnitude of applied moment 




is found to be varying nearly linearly to the load position for a given β . Since the load 
position is changed, the moment at the crack section of healthy beam will change and the 
required amount of cM  can be calculated by equations (4.3), (4.8), (4.15), and (4.25).  
 
4.4.3 Effect of crack position on moment required 
 
Figure 4.14 shows that the moment at the crack section of a healthy beam and 
which is denoted by cM  and which is linearly varying with respect to β . Therefore, 
from this Figure, moment ratio increases as β  increases.  




M 1  is observed to vary 
with respect to the location of the crack for statically indeterminate beams.  
For SC beam, as shown in Figure 4.15, the moment ratio is larger when the crack 
moved away from the simple end. It may be due to that if the crack location is far away 
from mid span of SC beam, the beam is deflected more and so the larger counter 
moments are required to reduce the deflection of beam.  
For CC beam, as shown in Figure 4.16, the moment ratio is largest when the crack 












In this chapter, a numerical investigation of crack in a beam was presented. 
Repair was carried out by applying a pair of oppositely directed moments to eliminate the 
discontinuity of slope induced at a crack section. The crack is modeled in the finite 
element model as an equivalent rotational spring and it is rotated about the Z axis. The 
finite element software COSMOS/M is used for the numerical study. Repair of cracked 
beam of various boundary conditions was studied. The effect of various parameters on 
the required magnitude of moment is also presented. It is found that the required 
magnitude of moment is constant for statically determinate beams but varies for statically 
indeterminate beams. The deflected shape of the repaired beam is nearly identical to that 
of a healthy beam when β  tends to zero for all boundary conditions of beam. This 
conclusion is similar to repair using small piezoelectric patch actuators that are placed 
directly on the crack section as discussed in the previous chapter. 
 


























Figure 4.1 FEM model for SS beam with one crack (crack position, 1L =0.5m, 





























Figure 4.2 Deflection of healthy, cracked and the repaired SS beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 































Figure 4.3 Deflection of healthy, cracked and the repaired cantilever beam (crack 
position at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack 

































Figure 4.4 Deflection of healthy, cracked and the repaired SC beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 
(a/H) = 0.3) 
 





























Figure 4.5 Deflection of healthy, cracked and the repaired CC beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 

































Figure 4.6 Rotation of healthy, cracked and the repaired SS beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 
(a/H) = 0.3) 





























Figure 4.7 Rotation of healthy, cracked and the repaired cantilever beam (crack 
position at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack 



























Figure 4.8 Rotation of healthy, cracked and the repaired  SC beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 
(a/H) = 0.3) 
 






























Figure 4.9 Rotation of healthy, cracked and the repaired CC beam (crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 
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Figure 4.10 Effect of applied moment positions to required magnitude of applied 
moments on various boundary conditions of repaired beam(crack position 
at 1L =0.4m, concentrated point load 100N at 2L =0.7m, crack depth ratio 
(a/H) = 0.3) 
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Figure 4.11 Simply supported beam (SS); Effect of applied load position to the 
required magnitude of applied moments (crack position at 1L =0.4m, crack 
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Figure 4.12 Simple-clamped beam (SC); Effect of applied load position to the required 
magnitude of applied moments (crack position at 1L =0.4m, crack depth 
ratio (a/H) = 0.3) 
 












0 0.1 0.2 0.3 0.4









Figure 4.13 Clamped-clamped beam (CC); Effect of applied load position to the 
required magnitude of applied moments (crack position at 1L =0.4m, crack 























Figure 4.14 Moment of healthy beam; (applied load  position at 2L =0.7m) 
 
























Figure 4.15 Simple-clamped beam (SC); Effect of crack position to the required 
magnitude of applied moments (applied load position at 2L =0.7m, crack 



















Figure 4.16 Clamped-clamped beam (CC); Effect of crack position to the required 
magnitude of applied moments (applied load position at 2L =0.7m, crack 
depth ratio (a/H) = 0.3) 









 Two main contributions are made in this study. First is the detection of cracks 
using analytical calculations for beams of various boundary conditions and second is the 
repair of cracked beam. In repair of cracked beam, the study is made up of two parts. The 
first part comprises of the repair using piezoelectric patch actuators and the second part 
involves a FE study of the repair using two oppositely directed concentrated moments 
applied at either side of the crack section. 
 
 
5.1.1 Crack detection 
  
 A method for the detection of crack using the difference in deflection which is 
measured from a suspected damaged beam and a corresponding healthy beam has been 
proposed. The deflections of healthy beam of various boundary conditions are well 
known from readily available formulas. The difference in deflection value is found to be 
maximum at the crack section and this information may therefore be used to detect the 
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resistance of a crack including its location and the severity of the crack. The proposed 
method is simple and easy to implement as it entails only static effect measurements. 
 
5.1.2 Repair of crack 
  
 Two approaches to the repair of cracked beam are discussed. Firstly, an analytical 
formulation of the repair of cracked beam piezoelectric patch actuators is presented. 
Repair is carried out by placing a small piezoelectric patch directly under the crack so as 
to induce a local moment upon application of a suitable voltage to the piezoelectric 
actuators. Secondly, the repair of cracked beam through applying a pair of oppositely 
directed concentrated moments on two sides of the crack is also presented. In this case, 
the required magnitude of moment is found to be equal to the moment at the crack section 
for statically determinate beam. The required moment is also not dependent on other 
factors. Whenβ  , the distance between two concentrated applied moments, is very small, 
the deflected shape and rotation of repaired beam are nearly identical to the healthy one. 
For statically indeterminate beams, the required magnitude of moment is equal to the 
moment at the crack section when β  tends to zero. However, the magnitude varies and is 









5.2 Recommendations for future study 
 
1. By using the approach in chapter 2, the identification of crack parameters by 
experimental verification is recommended for future study. 
 2. The numerical simulation for the repair of beam with many cracks is also 
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